We study the cosmological evolutions of the equation of state (EoS) for the universe in the homogeneous and isotropic Friedmann-Lemaître-Robertson-Walker (FLRW) space-time. In particular, we reconstruct the cyclic universes by using the Weierstrass and Jacobian elliptic functions.
I. INTRODUCTION
Recent observations on cosmic microwave background (CMB) radiation [1] have suggested that in the early universe inflation occurred and the universe became homogeneous and isotropic. On the other hand, according to various recent cosmological observations such as Type Ia Supernovae [2] , CMB radiation [1] , large scale structure (LSS) [3] , baryon acoustic oscillations (BAO) [4] , and weak lensing [5] , the current cosmic expansion is accelerating.
Hence, in the present time so-called dark energy, which may be some unknown matter or geometrical energy coming from the deviation of a gravitational theory from general relativity, is dominant over non-relativistic matter, i.e., cold dark matter, radiation, and baryon (for reviews on dark energy, see, e.g., [6] [7] [8] [9] [10] [11] [12] ; for those on modifications of gravity, see, e.g., [13] [14] [15] [16] [17] [18] [19] ).
In the beginning of the universe before inflation, it is considered that there was so-called a Big Bang singularity. In other words, the universe might have evolved from a singular space-time point. On the other hand, it is known that at dark energy dominant stage, there eventually appear the finite-time future singularities [20] [21] [22] [23] [24] [25] , or there are several scenarios in which the late time universe contracts and eventually a Big Crunch singularity occurs.
Thus, the issue discussed here is that there exist singularities in the beginning of the universe as well as at the last stage of it. If the evolution of the universe is periodic, the existence of a Big Bang singularity as well as the finite-time future singularities or a Big Crunch can be avoided. Based on this idea and inspired by string theories, the cyclic universe has been proposed in Ref. [26] 1 (for recent comprehensive papers on the cyclic universe, see, e.g., [28] [29] [30] [31] ). In addition, the ekpyrotic scenario in the framework of the brane world has also been suggested in Ref. [32] . Furthermore, the bouncing universe has been investigated in Refs. [33, 34] (for a review on bouncing cosmology, see [35] ). Moreover, in Ref. [36] the (trefoil and figure-eight) knot universe has been studied, where the knot theory relates to the cyclic universe. In other words, the geometrical picture of the knot relates to oscillatory solutions of the gravitational field equations in the homogeneous and isotropic Friedmann-Lemaître-Robertson-Walker (FLRW) and Bianchi-type I universes. Recently, there has also executed an investigation of figure eight knot in Ref. [37] . Furthermore, it is suggested [38, 39] that 1 In other context, the cyclic universe has been argued in Ref. [27] the Weierstrass ℘(t), ζ(t) and σ(t)-functions and the Jacobian elliptic functions can play an important role to examine astrophysical and cosmological problems (for recent studies of the applications, see, e.g., [40] ). In particular, in Ref. [39] the elliptic functions have been applied to describe the FLRW universe. Related cosmological features such as a cyclic behavior of the cosmic evolution have been studied in various scenarios [41] . Moreover, in
Ref. [42] , the behavior of the EoS for dark energy has been investigated in the so-called g-essence models constructed by both k-essence [43] and f-essence [44] , which is treated as a spinor field and corresponds to a classical c-number quantity. More recently, f-essence is dealt with a Grassmann-valued quantity in Ref. [45] or an operator, i.e., q-number in
Ref. [46] . Generalization of the Chaplygin gas type models [47] with the periodicity or the quasi-periodicity have also been explored in Ref. [48] .
In this paper, with the Weierstrass and Jacobian elliptic functions, we reconstruct the cyclic universe by using the equivalent procedure in Refs. [13, 24, 49, 50] . It is important to emphasize that to use the Weierstrass and Jacobian elliptic functions for describing the scale factor or the Hubble parameter is one of the novel ingredients in this work. The cosmological motivation to use such elliptic functions for the scale factor or the Hubble parameter is to realize a cyclic behavior of the universe naturally without special setting by using the properties of periodicities of the Weierstrass and Jacobian elliptic functions.
This corresponds to the reconstruction procedures, through which an arbitrary cosmological expansion history can be reconstructed by starting with providing an appropriate form of the scale factor or the Hubble parameter with desirable features. We use the units of the gravitational constant 8πG = c = 1 with G and c being the gravitational constant and the seed of light.
The paper is organized as follows. In Sec. II, we explain the basic equations in the FLRW space-time. In Sec. III, we explore models induced by the Weierstrass ζ(t)-function. In Sec.
IV, we examine models induced by the Weierstrass σ(t)-function. In Sec. V, we investigate models induced by Jacobian elliptic functions. Finally, conclusions are given in Sec. VI.
II. FLRW COSMOLOGY
We start with the standard gravitational action 1) where R is the scalar curvature and L m is the Lagrangian of matter. Now, we assume the FLRW space-time with the metric,
where a(t) is the scale factor, dΩ 2 is the metric of 2-dimensional sphere with unit radius.
Moreover, K is the cosmic curvature, and for K = −1, K = 0, and K = +1 2 , the universe is open, flat, and closed, respectively. Moreover, the Hubble parameter is defined by H ≡ȧ/a, where a dot denotes the time derivative, ∂/∂t. In the flat FLRW background (2.2) , that is, k = 0, from the action in Eq. (2.1), the gravitational equations and the continuity equation can be written in the H-form
3) 5) where ρ and P are the energy density and pressure, respectively.
III. MODELS INDUCED BY THE WEIERSTRASS ζ(t)-FUNCTION
In this section, we study a model (MG-II) induced by the Weierstrass ζ(t)-function. In particular, the Weierstrass ζ(t)-function is the logarithmic derivative of the σ(t)-function, which we use in Sec. IV. We use the following procedure for the reconstruction of the EoS. First, we express the scale factor or the Hubble parameter by using the Weierstrass ζ(t)-function. Next, by combining these expressions with the gravitational field equations (2.4) and (2.3), we derive the energy density and pressure, and thus reconstruct the EoS.
In this paper, the so-called Myrzakulov Gas (MG)-i (i = I, II, . . . , XV) model means 2 K can take any value, but it is related to (−, 0, +) curvatures according to its sign.
the model of gases or fluid, according to the notations of Ref. [36] . We note that the Weierstrass ζ(t)-function is a quasi-periodic function and the Weierstrass ℘(t)-function is a two periodic function. Thus, in comparison with the use of ordinary trigonometric functions, the advantage of the use of the Weierstrass ℘(t)-function is that two periodic behaviors can be obtained.
The physical motivation why we examine the MG-i gas is that in these models the cosmological evolution of the generalized Chaplygin gas type models with the periodical and quasi-periodical features can be realized. The detailed behaviors are dependent on the models. The important point is that these models described by the Weierstrass functions.
Therefore, the cosmic expansion history showing the periodicity and/or quasi-periodicity behaviors can be demonstrated. As a consequence, these models can produce new cosmological scenarios in which cosmological singularities such as a Big Bang singularity, the finite-time future singularities or a Big Crunch singularity can be removed, similarly to that in, e.g., the cyclic universe, ekpyrotic and bouncing universe scenarios.
A. MG-II model
We investigate the MG-II model when the scale factor is written with the ζ(t)-function as follows
where ζ(t) is the ζ-Weierstrass function. Hence, the Hubble parameter takes the form
where ℘(t) is the ℘-Weierstrass function. In this case, the parametric EoS is given by
3) 4) where a prime denotes the time derivative of d/dt. The EoS parameter is expressed by In Fig. 1 , we show the cosmological evolution of the scale factor a(t) in Eq. (3.1) as a function of t. We also depict the cosmological evolutions of the energy density ρ in Eq. (3.3) and pressure P in Eq. 
From Fig. 1 , we see the oscillatory behavior of a. Thus, it is interpreted that by using the Weierstrass ζ(t)-function, a model describes the cyclic universe with two periods. This comes from the feature of the two periodicity of the Weierstrass ζ(t)-function. We note that in Figs. 1 and 2, there are no diverging behavior of a, ρ and p, namely, all the curves in each figure are smoothly connected 3 .
On the other hand, the effective EoS for the universe in the FLRW space-time (2.2) is described by [13] where ρ eff and P eff correspond to the total energy density and pressure of the universe, respectively. Throughout this paper, ρ eff is ρ in Eq. (2.2) and p eff is P in Eq. (2.3). ForḢ < 0,
, which is the non-phantom (quintessence) phase, whereas forḢ > 0, w eff < −1, which is the phantom phase. ForḢ = 0, w eff = −1, which corresponds to the cosmological constant. It is significant to remark that recent various observational data [51] implies that the crossing of the phantom divide line of w DE = −1 occurred in the near past. Here, w DE is the EoS for dark energy and at the dark energy dominated stage, it can be regarded that w ≈ w DE ≈ w eff . From Fig. 3 , we find that multiple crossings of the phantom divide can be realized.
We note that if the two periods of the elliptic functions are equal to infinity, that is, in the case m 1 = m 2 = ∞, the elliptic functions are reduced (degenerate) to the elementary rational functions:
In this degenerate case, the MG-II model is reduced to the case
At the same time, the parametric EoS takes the form (3.9) This means that the EoS reads
Hence, the corresponding EoS parameter is given by 11) so that the crossing of the phantom divide with w ≈ −1.67 can be realized. Thus, we can conclude that the MG-II model is the two-periodical analogue of the usual universe filled by the barotropic fluid with the EoS of the form (3.10) and that the crossing of the phantom divide with (3.11) occurs.
IV. MODELS INDUCED BY THE WEIERSTRASS σ(t)-FUNCTION
In this section, we explore two models (MG-I, MG-III) induced by the Weierstrass σ(t)-function, which is a quasi-periodic function. We reconstruct the EoS by using the same procedure as that in Sec. III.
A. MG-I model
We represent the scale factor as
where a 0 is a constant and σ(t) is the σ-Weierstrass function. In this case, the Hubble parameter is described by Then, the gravitational field equations lead to the parametric EoS as
3) 4) and the EoS parameter is given by
In Fig. 4 , we display the cosmological evolution of the EoS w in Eq. (4.5) as a function of t. Here, we have used the Weierstrass invariants of g 1 = 1 and g 2 = 1 in Eq. (3.6). It follows from Fig. 4 that the universe always stays in the non-phantom phase (w > −1).
We also examine the case that two periods of the elliptic functions are equal to infinity, that is, in the case m 1 = m 2 = ∞, the elliptic functions are reduced (degenerate) to the elementary rational functions according to the equations in (3.7) . In this degenerate case, the MG-I model is reduced to the case in which the scale factor and the Hubble parameter are given by
At the same time, the parametric EoS is expressed as
Therefore, the EoS is described as
Hence, the corresponding EoS parameter becomes
As a result, it can be concluded that the MG-I model is the two-periodic analogue of the usual universe filled with the barotropic fluid with the EoS in Eq. (4.8) and with the EoS parameter in Eq. (4.9).
B. MG-III model
Next, we express the Hubble parameter as
From this representation of H, the scale factor is given by
Thus, the gravitational field equations give the parametric EoS as
12) 13) Moreover, the EoS parameter becomes
(4.14)
In Fig. 5 , we show the cosmological evolutions of the scale factor a in Eq. (4.11) and the EoS w in Eq. (4.14) as functions of t for the Weierstrass invariants of g 1 = 1 and g 2 = 1. From   Fig. 5 , we see that there does not exist the oscillating behavior of a, and that crossings of the phantom divide can be realized. Now, we consider the case that two periods of the elliptic functions are equal to infinity, i.e., m 1 = m 2 = ∞, the elliptic functions are reduced (degenerate) to the elementary rational functions in (3.7) . In this degenerate case, the MG-III model is reduced to the model in which the Hubble parameter and the scale factor are given by
Moreover, the parametric EoS becomes
It follows from these equations that the EoS is written as
Therefore, the corresponding EoS parameter reads
Consequently, Eq. (4.18) informs us that the EoS parameter is always less than −1 as w < −1 and in the limit of t → ∞, w = −1. Thus, the late-time accelerated expansion of the universe can be realized.
V. MODELS INDUCED BY THE JACOBIAN ELLIPTIC FUNCTIONS
In this section, we investigate FLRW models (MG-V, MG-VI, . . . , MG-XVI) induced by the Jacobian elliptic functions cnt ≡ cn(t, m), snt ≡ sn(t, m) and dnt ≡ dn(t, m), where m is the parameter of the elliptic modulus. The Jacobian elliptic functions are doubly periodic functions. Hence, these functions lead to a new class of cosmological models of the cyclic universes with a two periodic feature. With the same procedure as that in Secs. III and IV, we reconstruct the EoS.
A. Formulations
First, we present some differential equations for the Jacobian elliptic functions [52] sn ′ t = cntdnt , (5.1)
2)
3) 6) where cn ′ t = dcnt/dt and so on. Hence, we get some known equations for these functions.
For example, the differential equations for y = snt reads [52] 
dy dt
For y = cnt, we have the differential equations [52] 
In addition, we present the differential equations for the function y = dnt [52] 
We note that these functions are doubly periodic generalizations of the trigonometric functions and give them for the particular values of the parameter m:
sn(t, 0) = sin(t) , cn(t, 0) = cos(t) , dn(t, 0) = 1 .
Also, we present other degenerate values of these functions:
sn(t, 1) = tan(t) , cn(t, 1) = sec(t) , dn(t, 1) = sec(t) .
In what follows, we demonstrate several examples of the cyclic cosmological models induced by the Jacobian elliptic functions. 
B. MG-V model
As an example, for MG-V model, the scale factor is represented as a(t) = a 0 e cn(t) .
(5.15)
The Hubble parameter is described by
With the gravitational field equations, the parametric EoS is expressed as
The EoS parameter is given by
where we have used n-elliptic modulus. We demonstrate the cosmological evolution of the scale factor a(t) in Eq. (5.15) as a function of t in Fig. 6 . We also show the cosmological evolutions of the energy density ρ in Eq. (5.17) and pressure P in Eq. (5.18) as functions of t in Fig. 7 . Furthermore, in Fig. 8 we illustrate the cosmological evolution of the EoS w in Eq. (5.19) as a function of t. Here, we have taken the parameter of the elliptic modulus parameter as m = 2. From Fig. 6 , we see the oscillation of a. Thus, it is considered that by using the Jacobian elliptic functions, a model with realizing the cyclic universe can be reconstructed. Moreover, it is clearly seen from Fig. 8 that crossings of the phantom divide can be realized.
In Appendix A, for other FLRW models (MG-VI, . . . , MG-XVI), we present the scale factor, the energy density and pressure, and the parametric EoS as well as the EoS parameter.
We have executed the same analysis as that shown in this section. In each model, we have examined the cosmological evolutions of the scale factor and the EoS as functions of t.
VI. CONCLUSIONS
In the present paper, we have explored the cosmological evolutions of the EoS for the universe in the homogeneous and isotropic FLRW background. With the Weierstrass ℘(t), ζ(t) and σ(t)-functions and the Jacobian elliptic functions, we have reconstructed cosmological models which can describe the cyclic universes. Furthermore, we have explicitly demonstrated that in the MG-I, MG-XI, MG-XXXIV, MG-XXXVI, MG-XXXVII, MG-XXXVIII models, the universe always stays in the non-phantom (quintessence) phase, whereas in the MG-II, MG-III, MG-V, MG-VI, MG-VII, MG-VIII, MG-IX, MG-X, MG-XXXV models, the crossing of the phantom divide can be realized.
It is known that there exist two approaches to produce the cyclic universes. One is to introduce non-canonical scalar field, which makes the vacuum unstable in the quantum field theory. Another is to extend the gravitational theory, such as gravity with the higher order derivative term and f (R) gravity. It is also important to indicate that our MG-i (i=I, II, · · · ) models are 2-periodic or 1-periodic generalizations of the usual non-periodic FLRW models.
We note that the issue of removing singularities is a fundamental question. In other words, this is what a new physics comes out, when in the cosmological models the energy/curvature scale is so high that render the hypothesis of general relativity should be rendered inapplicable. Although this is a question far from a satisfactory solution, a complete picture of these cosmologies certainly will need to take this issue seriously into account. Furthermore, there exists models, in particular, based on higher-curvature theories, with possessing bouncing solutions, i.e., without curvature singularities, that modify general relativity only if the universe becomes close to the predicted singularity, e.g., at the Planck scale. On the one hand, these theories would pass the solar test equally well as general relativity. Moreover, in principle, the perspective of cyclic cosmologies could be realized without supposing the existence of singularities as an unavoidable conclusion of the theory. This issue should be considered in more detailed in the future works.
In Ref. [12] , it has been verified that all the dark energy cosmologies can be realized by different fluids of the universe with a general form of the EoS, and that the evolutions of all the dark energy universes at the present time can be similar to that of the ΛCDM model, in which the universe consists of the cosmological constant Λ and cold dark matter (CDM).
Since the ΛCDM model is compatible with the various cosmological observations [1] [2] [3] [4] [5] , the models of the dark energy fluids are also consistent with the current observations. Indeed, it has been illustrated that different dark energy models are equivalent by examining various scalar field theories such as single and multiple scalar fields theories as well as tachyon scalar theory and holographic dark energy. In these theories, the current accelerated expansion of the universe with the quintessence or phantom phases can be realized. Also, the equivalence of these theories to the corresponding fluid descriptions have been shown. According to these consequences, we can understand that for the MG-I, MG-XI, MG-XXXIV, MG-XXXVI, MG-XXXVII, MG-XXXVIII models, the non-phantom (quintessence) phase occurs and hence these fluid models correspond to the quintessence models. On the other hand, for the MG-II, MG-III, MG-V, MG-VI, MG-VII, MG-VIII, MG-IX, MG-X, MG-XXXV models, since the crossing of the phantom divide can happen, these fluid models can be regarded to be equivalent to the two scalar fields models, for example, the quintom models [8, 57] with both the canonical and non-canonical scalar fields.
The new cosmological consequence obtained in this work is that by combining the reconstruction method of the EoS for the universe with mathematical special functions such as the Weierstrass and Jacobian elliptic functions, new descriptions of the cyclic universes can be acquired. It is considered that this can be worthy of a clue of one of the generalized describing manner of the expansion history of the universe.
In addition, it is remarkable to mention that if we apply the investigations in this work to the spatially anisotropic space-time, the EoS for the universe has the asymmetry during the oscillatory process of the expansion and contraction, so that the cosmological hysteresis can be realized [31] .
Finally, it is also important to stress that concerning the issue on potential deviation of a gravitational theory from general relativity, the detection of gravitational waves could be a definitive tool for discrimination between a gravitational theory and general relativity, as shown in Ref. [58] . In this appendix, we describe other FLRW models (MG-VI, . . . , MG-XVI). For each model, by executing the numerical calculations for the parameter of the elliptic modulus of m = 2, we have analyzed the cosmological evolutions of the scale factor and the EoS.
MG-VI model
The scale factor, the energy density and pressure, and the parametric EoS, and the EoS parameter are given by a(t) = a 0 e sn(t) ,
We have confirmed the oscillation of a and found that crossings of the phantom divide can be realized.
MG-VII model
The scale factor, the energy density and pressure, and the parametric EoS, and the EoS parameter are given by
MG-VIII model
We have confirmed that there is no oscillating behavior of a and found that crossings of the phantom divide can be realized.
MG-IX model
We have seen that crossings of the phantom divide can be realized.
MG-X model
MG-XXXIII model
We have confirmed the oscillation of a and found that the universe always stays in the non-phantom (quintessence) phase (w > −1).
MG-XXXIV model
.
MG-XXXV model
The scale factor, the energy density and pressure, and the parametric EoS, and the EoS parameter are given by a(t) = −ncn(t)sn(t) , 
We have confirmed the oscillation of a and found that the crossings of the phantom divide can be realized.
MG-XXXVI model
The scale factor, the energy density and pressure, and the parametric EoS, and the EoS parameter are given by a(t) = cn(t) , 
MG-XXXVII model
The scale factor, the energy density and pressure, and the parametric EoS, and the EoS parameter are given by a(t) = sn(t) , 
MG-XXXVIII model
The scale factor, the energy density and pressure, and the parametric EoS, and the EoS parameter are given by a(t) = dn(t) ,
3 n cn(t)sn(t) dn(t)
